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Abstract 

We investigate the two-dimensional magnetic operator Hcq^b,^ = 
(-iV - Ay - f36{. - r), where F is a smooth loop. The vector po- 
tential has the form A = cq ^^2^; ^sf^^ -\- § - y; ; B > 0, 

Co G]0;1[. The asymptotics of negative eigenvalues of Hcq^b,i3 for 
P — > -\-oo is found. We also prove that for large enough positive 
value of P the system exhibits persistent currents. 



1 Introduction 

In the presence of a static magnetic field, a single isolated normal- metal loop is 
predicted to carry an equilibrium current which is periodic in the magnetic flux 
$ threading the loop. This current arises due to the boundary conditions |2] imposed 
by the doubly connected nature of the loop. As a consequence of these boundary 
conditions, the free energy E and the thermodynamic current /($) = |^ are periodic 
in $, with a fundamental period ^0 = h/e. In recent papers [H] 'jl] Exner and 
Yoshitomi have derived an asymptotic formula showing that if the 5— coupling is 
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strong or in a homogeneous magnetic fied B perpendicular to the plane, the negative 
eigenvalues approach those of the ideal model in which the geometry of F is taken 
into account by means of an effective curvature-induced potential. In [S], the same 
result is proved when the vector potential is the Aharonov one. 

The pupose of this paper is to prove the same result when the electron is sub- 
ject to a Bohm- Aharonov effect in the plane on the background of a homogeneous 
magnetic field. As a consequence of this result, we prove that the system exhibits 
persistent currents. 

2 The model and the results 

In this section, we study the magnetic operator in L'^{M.'^) with an attractive 6- 
interaction applied to a loop. We use the gauge fied A = cq^^^^^; ^a^^a j + T ( ~ 

Let T : [0, L] 3 s (ri(s), r2(s)) G be the closed counter-clockwise 
Jordan curve which is parametrized by its arc length. Given /3 > and (cq, B) G 
]0, l[x]0, oo[, we define the quadratic form 

X -\- y z 

+ IIH5.-^^^-f^)/llW)-/3^l/(^)l'rf^ (2.1) 

with the domain H^^E?)^ where dx = and the norm refers to L'^iW'^). 

Let us denote by Hcq^b,p the self-adjoint operator associated to the form qco,B,i3{, )'■ 

H,o,B,p = i-tV-Af-pSi.-T). 

Our main goal is to study, as in 4|, the asymptotic behaviour of the negative eigen- 
values of -ffco,B,/3 as P — > +00. 

Let 7 : M — > M be the signed curvature of F , i.e. 

7(s):= (r;'r'2-r'2'r;)(.). 

Next we need a comparison operator on the cuve 

-5.0,5 = -^-^7(^rmL2((0;L)), (2.2) 

with the domain 

Peo,B = {ue H\]0;L[y,u^'\L) = u^'^^O); k = 1,2}. (2.3) 

For j G N, we denote by fij{co,B) the j*^ eigenvalue of the operator Sco,b counted 
with multiplicity. This allows us to formulate our main result, and his proof follows 
in the same way as in 
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Theorem 2.1 Let n he an arbitrary integer and I he a nonempty compact subset of 
]0, l[x]0, oo[. Then there exists (3{n, I) such that #|crd(iJco,B,/3)n] — oo, 0[| > n for 

(3 > Pin J) and (co, B) e I. 

For P > P{n,I) and {co,B) E I we denote by A„(co,i?,/9) the n^^ eigenvalue of 

Hco,B,i3 counted with multiplicity. 

Then A„(co,-B,/9) admits an asymptotic expansion of the form 

A„(co, B, P) = —\P'^ + fJ^nico, B) + 0{P~^ In P) as P +00; where the error term 

is uniform with respect to (cq, B) G /. 

The existence of persistent currents is given by the consequence of the following 
result. 



Corollary 2.1 Let n G N. Then there exists a constant Pi{n,I) > such that the 
function A„(.,.,/5) is not constant for P > Pi{n,I). 

Since the spectral properties of Hc() B,/3 are cleary invariant with respect to Eu- 
clidean transformation of the plane, we may assume without any loss of generality 
that the curve F parametrized in the following way: 

ri(s) = ri(0) + J^cosH{t)dt T2{s) = 12(0) + J^smH{t)dt 

where H{t) = — f^'j{u)du. Le \&a be the map 

: [0, L) X (-a, a) 3 (s, u) ^ {T^{s) - uT'^{s), 12(5) + uT[{s)) G M^. 

From 3j we know that there exists ai > such that the map is injective 
for all a G (0,ai]. We thus fix a G (0,ai) and denote by the strip of width 2a 
enclosing T. 

= ^„([0,L) X (-a, a)). 

Then the set M?/Ila consists of two connected components which we denote by 
A™ and A°"*, where the interior one, A^", is compact. We define a pair of quadratic 
forms. 



^UaAf-^f) = IIH^^ + ^^ + %)/lliw (2-4) 

+ WHdy - - 5^)/lli^(E.) -pjmx)?ds 

which are given by the same expression but differ by their domains, the latter in 
HliY^a) for Q'^a^^ and if^(Sa) for (lco,a,i3- Furthermore, we introduce the quadratic 
forms 



ei,Baif-J) = \\Hd. + ^2+By)f\\l.,,,, (2.5) 

+ (2-6) 
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for j = out, in, with the domain HqIaD and -ff^(A^) corresponding to the ± sign 
respectively. Let b ap^ ^co!ita. ^co',B,a the self-adjoint operators associated 
with the forms gJ,B,a,/3' and e',";^ respectively. 

As in we are going to use the dirichlet- Neumann bracketing with additional 
boundary conditions at the boundary of Sq. One can easily see this by comparing 
the form domains of the involved operators, cf[|3] or (jH], thm XIII.2)]. We get 



K^,a © L-,B,a,, © < Hco,B,a < El^^a © ^^.i^.a,, © (2-7) 

with the decomposed estimating operators in L^(M^) = L^(A™) ©L^(Sa) ©L^(A°''*). 
In order to assess the negative eigenvalues of Hcg^B,i3, it suffices to consider those 
of and L~ because the other operators involved in (|2.7p are positive. 

Since the loop is smooth, we can pass inside to the natural curvihnear coordinates. 
We state 

{UJ){s,u) = {l+uj{s) f'f{^a{s,u)) for / G ^^(SJ 

which defines the unitary operator Ua from L^(Ea) to L^((0,L) x (—a, a)). To 
express the estimating operators in the new variables, we introduce 

Q+ = 1^/- e H\{0,L)x{-a,a));tp{L,.) = ^{0, .)on{-a, a); tp{.,a) = -a)on{0, L) 

Q~ = {ijeH\{0,L)x{-a,a)y, ^{L, .) = tP{0, .) on {-a, a) 
and define the quadratic forms 



[g] = [ [ {l + uj{s))-'\d,g\^duds+ [ [ \dug\ 

Jo J -a Jo J~a 

a pL 

V{s,u)\g\'^dsdu- (3 / \g{s,0)\'^ds 

a Jo 



L pa 



b± f lis) 2 6± r I , ^|2, 

~ ^ TL — rT^ ^'« Hs + ^/ T^\g{s,-a)\ ds 

2 Jo 1 + a7(s) 2 Jo 1 - a-f{s) 

^ lo I (^o^*^-^'") + \g\^duds 

+ Im j (2006 {s, u) + {T 2 + uT[) (^{l + u'y)~^ cos Hgdsg- sin Hgdug^ duds 

— Ini j j (^2co9{s,u) + B^{T I — uT 2) (^{1 + U'j)~^ sin Hgdsg + cos Hgdug^ duds 

(2.8) 

on respectively, where 

V{s, u) = 1/2(1 + M7(s))~\7(s)"-5/4(l + m7(s))" V7' (s)2-l/4(l + m7(s))"%(s)2, 

e{s, u) = (rlis) + rlis) + u^- 2u{r,{s)r',{s) - r2(.)r;(s))' ' 



6+ = and b_ = 1. 
(j2.8|) can be write as 



L fa fL fa 



btB,a,M = I I {l + u^{s)r\ds9\''duds+ I I M 




'0 J-a JO J -a 

V{s,u)\gfdsdu- (3 / \g{s,0)\'^ds 

-a Jo 



h± r 7(^) „^,2.„ , &± r 7(s) 

2 io l + «7(s) 
+ 11 OLi{s, u)\g\^duds 



r 7(g) I . .,2, r 7(g) I . .,2, 



'0 -'-a 

r"L fa 



+ Jm y y a2{s,u)(^{l + wj) ^ COS Hgdsg — sin Hgdug^ duds 
— Im j j a-ii^s, u) (^{1 + uj)^^ sin Hgdsg + cos Hgdug^ duds 
= r r (1 + u^is)r'\d,g\'duds + f f 

Jo J-a Jo J-a 

na pL 
V{s,u)\g\^dsdu- (3 / \g{s,0)\'^ds 
-a Jo 

b± /""^ 7(g) , , M2^ &± /"'' 7(g) , , M2^ 
"L fa 

ai(s, u)\g\'^duds 




'0 -'-a 

+ 



Jm y j ^a2(g, m) COS — 0:3(5, u) sin if j (1 + M7) ^(gdsg)duds 
— Im J J (^a3{s,u) cos H — a2{s,u) sin H^{1 + U'y)~^{gdug)duds 

where 

ai(s, -u) = ^^(s, m)"^ (co0(s, m) + , 
02(5, -u) = ^2co6'(s, u) + (T2 + uT']) and 
a3(g, ^^) = (2co^^(s, u) + 5) (Fi - uT'^) 

Let t>e the self-adjoint operators associated with the forms &^Ba/3' 

respectively. By analogy with we get the following result. 

Lemma 2.1 UaD^ j^^^^Ua = L%^B,a,p- 

In order to eliminate the coefficients of gdsg and gdug in ()2.8|1 modulo small 
erros, we employ the following unitary operator 



{Mc^^Bh){s,u) = exp[iK{s,u)]h{s,u). (2.9) 
Replacing Mc^^sh in ()2.8|) . it becomes: 



'^co,B,a,f3 



Jo J -a Jo J~a 



na p-L 
V{s,u)\g\'^dsdu- (3 j |^(s,0)prfs 
-a Jo 

b± /"^ 7(^) , , ^,2. , &± /"^ 7(^) 



2 7o l + a7(s) 



\g{s,a)\^ds + ^ I ^'^'^\ \g{s,-a)\^ds 
2 Jo l-a7(s) 



^ y (ai(s, m) + \KsWl + U7(s))-' + \K^\^ + ir,(^i(s, m) - K^n^is, u)) \g\^duds 



+ 



Imj^ j {n2{s,u)-2K^{gdug)duds (2.10) 

r2i(s, u) = ^0:2(5, m) cos if — az{s, u) sinii j (1 + ^7)""^, (2-11) 

f22(s, «)= ^0:3(5, m) cos -ff — 02(5, m) sin if j (1 + ^7)"^ (2-12) 

a,i^(s,M) 9„ir(s,M) dsg{s,u) dug{s,u) 

i^s = 7;, , J^u = t: gs = t: , gu = (2.1dj 

OS OU OS ou 

To eliminate the coefficients of 'gdug in c^^Bapld]^ have the following differ- 
ential equation: 



where 



and then, we have 



2 

This form of reduces ()2.10p to: 



dK(s,u) 1^ , s . ^ 

y ' =-n,{s,u) (2.14) 



1 r 

K{s,u) = - / Q2{s,v)dv. (2.15) 
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"co,B,a,l3 



[9] 




{I + u-f{s))~^\dsg\'^duds + 

-a Jo 

V{s,u)\g\'^dsdu- p / \g{s,0)\'^ds 

a Jo 



\dug\' 



2 Jq 1 + 07(5 



7("S) I / \,2 , b± 

^ ' \g{s,a)Yds^ 



7(s) 



2 7o 1-07(5) 



\g{s, -a)\^ds 



^ y + + M7(s))-' + + K,^^{s,u) - KMs,u)^\g\^duds 

(2.16) 



+ Im 



L pa 




-'-a 



Qi{s, u) + 2/^^(1 + M7(s)) ^ ) {gdsg)duds 



for G Q^, respectively. 

Let Dco,B,a,i3 be the self-adjoint operators associated with the forms bf^^a 
respectively. We have the following result 

Lemma 2.2 M* r.Df „ „ ^M^, b = Df r, „ 

cq,B CQ,B,a,fj (-0)0 CQ,B,a,p 



/3' 



In the estimation of the Df^ s api same notation as in 

7+ = max|7(.)| 

[0,-LJ 

N,^^B{a)= max | ffii(s, m) + 27^,(1 + ^7(5))-') | 



and 
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max 11^^0,5(5, m) + t7(s)^ I; where 

(s,«)e[0,L]x[-a,a] 4 



= u) + ai(s,?z) + + M7(s))"' + 

+ KsVli{s,u)- KuVl2{s,u). (2.17) 



Since (cq, -B) G /, then there exists T such that 

Nco,b{.Oj) + M;o,b(o^) ^ for < a < and (co,-B) G /, where T 



IS 



independent of a, Cq and 5. For fixed < a < as in jl] we define 



L pa 



^co,B,a,l3 



[9] 
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+ 



(1 ± W7+)"' ± ^iVco,B(a) + \dug\' 

J~a ^ 

- ^7(s)2 ± ^Ar,,,B(a) ± Meo,B(a)] 



- \g{s,o)\'ds-j+b±j^ (\g{s,a)\^ + \g{s,-a)\'ys {2.18) 

for (7 G Q^, respectively. Since |Jm(^(9s(7)| < l^lfi'P + \dsg\^^, we obtain 
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(2.19) 



[g] for g &Qa- 



(2.20) 



Let H%, B,a,i3 be the self-adjoint operators associated with the form fcco,s,a,/3' re- 
spectively. 

Furthermore, let T^^ be the self-adjoint operator associated with the form 

and similarly, let ^ be the self-adjoint operator associated with the form 

^a-,,[/] = rj/'WP'^«-/?l/(0)P-7+(l/(a)P+|/(-a)P); feH\]-a,a[). 
As in jl], let us denote by /U^(co, B, a) the j*'^ eigenvalue of the following operator, 
define on L^(]0,L[), by 



-2 1 



J ^ ~ h^'^' ^ l^cM ± M,„5(a) (2.21) 



in L^((0,L)) with the domain Pcq specified in the previous section. Then we 
have 

(2.22) 



Let fJ.f{co, B,a) be the j-th eigenvalue of ^ ^ counted with multiplicity. We shall 
prove the following estimate as in 0]. 

Proposition 2.1 Let j G N. Then there exists C{j) > such that 

\n+{co,B,a) - ij,j{co,B) \ + \iJ,j{co, B,a) -/ij(co,5)| < C{j)a 

holds for (cq, B) E I and < a < where C{j) is independent o/cq, B and a. 

Proof: 

Proof: Since 



U. 



co,B,a 



;i - a7+)"' + 2^co,B(a) 
L (l-a7+)2 + 2^-'^^^) 



S. 



co,B 



Nco,b{0') + ^co,b('^) ^ foi' < a < and (cq, -B) G /, we infer that there is a 
constant Ci > such that 



co,B,a 



[1 - a7+)-2 + lNc,,B{a 



S, 



CQ.B 



< Cia 
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for < a < 1^ and (cq, B) G /. This together with the min-max principle imphes 
that 



fiUco,B,a) - 



(l-a7+)-2 + -iV,„,B(a) 



< Cia 



for < a < 2^ and (co,-B) G /. Since is continuous, we claim that there 

exists a constant C2 > such that 

|/i+(co,5,a) -/ij(co,5)| < 

for < a < 2^ and (cq, B) G /. In a similar way, we infer the existence of a constant 
C3 > such that 

\n~{co,B,a) - fXj{co,B) \ < Cga 
for < a < 2^ and (cq, 5) G /. 

Let us recall the following result from pj. 

Proposition 2.2 (a) Suppose that /3a > |. Then T^^ has only one negative eigen- 
value, which we denote by (a/s- H satisfies the ineqality 
^/^^ < Up < + 2/52 exp(-i/5). 

(h) Let (3 > 8 and (3 > I7+. Then T^^ has a unique negative eigenvalue and 
moreover, we have 

-i/32-^/?2exp(-i/5)<C-,<^/?^ 
Proof of theorem 12.11 

We take a(/3) = 6/3^^ In 13. Let be the j-th eigenvalue of T^^^^-^ ^, by Proposi- 
tion 1221 we have 

From the decompositions (|2.22|) we infer that {^^^. + /i^(co, -B, a(/?))}j^fcgN properly 
ordered, is the sequence of the eigenvalues of Hf^ ^ ^^^^ ^ counted with multiplicity. 
Propositions 12.11 gives 

ej, + /ife(co, B, am > (Co, 5, a{f3)) = fi,{co, B) + 0{(3-^ \n(3) (2.23) 

for (co,-B) & I, j > 2, and A; > 1, where the error term is uniform with respect to 
(co, B) G /. For a fixed j G N, we take 



r 



± 



'co,B,/3,i = Cl/3),/3 + /^f (Co, 5, «(/5))- 

Combining Propositions 12. II and 12.21 we get 

rtBM = -\(3' + f^Aco,B) + Oi(3-Hn/3) as /? ^ oo , 



(2.24) 
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where the error term is uniform with respect to (cq, B) G /. Let us fix n G N. 
Combining (j2.23j) with (j2.24j) we infer that there exists (3{n,I) > such that the 
inequahties 

hold for (co,-B) G /, /3 > P{n,I), j > 2, and k > 1. Hence the j-th eigenvalue 
of Hf^^^f^p^p counted with multiphcity is b p j (cc-B) & I, j < n, and P > 
P{n,I). Let {co,B) G / and P > P{n,I). We denote by Kf{co,B,P) the j-th 
eigenvalue of Lf^sap- Combining our basic estimate and the resultt of pj with 
Lemmas 12.11 and 12.21 relations 12.191 and 12.201 and the min-max principle, we arrive 
at the inequalities 

T;^^BM<Kjico,B,P) and ^(co, S, /3) < r+ for l<j<n, (2.25) 

so we have fi:+(co, B, P) < < inf <Jess{Hco,B,i3)- Hence the min-max principle and and 
the result of imply that Hc^^b,i3 has at least n eigenvalues in (— oo, k+(co, -B, /?)]. 
Given 1 < j < n, we denote by Xj{co, B, P) the j-th eigenvalue of Hc^^Bfi- It satisfies 

K-{co, B, P) < Xj{co, B, P) < 4(co, B, P) for 1 < j < n ; 

this together with and implies that 

Xj{cQ,B,p) = —p'^ + ^ij{cQ,B) + 0{p-^\Yip) as p ^ oo for l<j<n, 

where the error term is uniform with respect to (cq, B) G /. This completes the 
proof. 

Proof of corollary 12.11 The theoren iTTl with jH] (theorem XIIL89) yields the 
claim. 

3 Remarks 

Here, if we take cq = we recovered the results of If we take 5 = 0, we recovered 
the results of 5]. 
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